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Abstract
We study presentations of KM-arcs in polar coordinates. New characterizations
on the points set of KM-arcs are obtained in terms of power sums and bilinear forms.
We also construct some examples of KM-arcs in this presentation.
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1 Introduction
In [12], Korchma´ros and Mazzocca initiated the study of (q + t, t)-arc of type (0, 2, t) in
the projective plane PG(2, q). These objects are sets of q+ t points meeting every line in
0, 2 or t points. They are also called KM-arcs of type t in honour of the authors of [12],
as mentioned in [8]. KM-arcs were studied also in [7, 10, 14, 15].
KM-arcs have been investigated exclusively in homogeneous coordinates. This presen-
tation has its own advantages with the established algebraic methods over finite fields.
On the other hand, the drawback of this approach is that there are points of KM-arcs
presented on the infinite line. Descriptions for structural results of KM-arcs are then
required to be split between points in the affine plane and infinite points, as seen in the
constructions by Ga´cs and Weiner in [10].
In this paper, we describe KM-arcs in polar coordinates. This approach was initiated
by investigations in [1, 2, 3]. With this approach, KM-arcs can be described solely with
points in the affine plane. As a consequence, structural results of KM-arcs can be ob-
tained uniformly on the point set. To demonstrate this point of view, we provide some
characterizations of KM-arcs in terms of bilinear forms and power sums. We also describe
some examples of KM-arcs in this presentation.
The paper is organized as follows. In Section 2, we recall preliminary results on pro-
jective planes, affine planes and KM-arcs. In Section 3, we describe a configuration in
Definition 1 that we use to describe KM-arcs in polar coordinates. Also in this section we
obtain characterizations of KM-arcs in terms of bilinear forms and power sums, in Theo-
rem 1 and Theorem 3, respectively. In Section 4 and Section 5, we describe constructions
of KM-arcs in PG(2, q) using hyperovals and KM-arcs in PG(2, r), where q and r are
powers of 2 with q = rl.
1
2 Preliminaries
In this section we recall some definitions and notation.
2.1 Polar representation
In this paper we consider finite fields of characteristics 2 only. Let F = F2m be a finite
field of order q = 2m. Consider F as a subfield of K = F2n , where n = 2m, so K is a two
dimensional vector space over F .
The conjugate of x ∈ K over F is
x¯ = xq.
Then the trace and the norm maps from K to F are
T (x) = TrK/F = x+ x¯ = x+ x
q,
N(x) = NK/F (x) = xx¯ = x
1+q.
The unit circle of K is the set of elements of norm 1:
S = {u ∈ K | uu¯ = 1}.
Therefore, S is the multiplicative group of (q+1)st roots of unity in K. Since F ∩S =
{1}, each non-zero element of K has a unique polar coordinate representation x = λu
with λ ∈ F ∗ and u ∈ S. For any x ∈ K∗ we have λ = √xx¯ and u =
√
x/x¯.
One can define nondegenerate bilinear form 〈·, ·〉 : K ×K → F by
〈x, y〉 = T (xy¯) = xy¯ + x¯y.
Then the form 〈·, ·〉 is alternating and symmetric, that is, 〈a, a〉 = 0 and 〈a, b〉 = 〈b, a〉.
Following [9], consider an element i ∈ K with property T (i) = i + iq = 1. Then
K = F (i) and i is a root of a quadratic equation
z2 + z + δ = 0,
where δ = N(i) ∈ F . Any element z ∈ K can be represented as z = x + yi, where
x, y ∈ F . For z = x+ yi we have x = 〈i, z〉, and y = 〈1, z〉.
2.2 Affine and projective planes
Consider points of a projective plane PG(2, q) in homogeneous coordinates [11] as triples
(x : y : z), where x, y, z ∈ F , (x, y, z) 6= (0, 0, 0), and we identify (x : y : z) with
(λx : λy : λz), λ ∈ F . Then points of PG(2, q) are
{(x : y : 1) | x ∈ F, y ∈ F} ∪ {(x : 1 : 0) | x ∈ F} ∪ {(1 : 0 : 0)}.
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For a, b, c ∈ F , (a, b, c) 6= (0, 0, 0), the line [a : b : c] in PG(2, q) is defined as
[a : b : c] = {(x : y : z) ∈ PG(2, q) | ax+ by + cz = 0}.
Triples [a : b : c] and [λa : λb : λc] with λ ∈ F ∗ define same lines. The point (x : y : z)
is incident with the line [a : b : c] if and only if ax+ by + cz = 0. We shall call points of
the form (x : y : 0) the points at infinity. Then [0 : 0 : 1] indicates the line at infinity.
We define an affine plane AG(2, q) = PG(2, q)\[0 : 0 : 1], so points of this affine
plane AG(2, q) are {(x : y : 1) | x, y ∈ F}. Associating (x : y : 1) with (x, y) we can
identify points of the affine plane AG(2, q) with elements of the vector space V (2, q) =
{(x, y) | x, y ∈ F}, and we will write AG(2, q) = V (2, q). Lines in AG(2, q) = V (2, q) are
{(c, y) | y ∈ F} and {(x, xb + a) | x ∈ F}, a, b, c ∈ F . These lines can be described by
equations x = c and y = xb + a.
We introduce now other representation of PG(2, q) using the field K. Consider pairs
(x : z), where x ∈ K, z ∈ F , x 6= 0 or z 6= 0, and we identify (x : z) with (λx : λz), λ ∈ F ∗.
Then points of PG(2, q) are
{(x : 1) | x ∈ K} ∪ {(u : 0) | u ∈ S}.
For α ∈ K and β ∈ F we define lines [α : β] in PG(2, q) as
[α : β] = {(x : z) ∈ PG(2, q) | 〈α, x〉+ βz = 0}.
Pairs [α : β] and [λα : λβ] with λ ∈ F ∗ define same lines. The point (x : z) is incident
with the line [α : β] if and only if 〈α, x〉+ βz = 0. The element u∞ = (u : 0), u ∈ S, will
be referred to as the point at infinity in the direction of u. So [0 : 1] indicates the line at
infinity.
We define an affine plane AG(2, q) = PG(2, q)\[0 : 1], so points of this affine plane
AG(2, q) are {(x : 1) | x ∈ K}. Associating (x : 1) with x ∈ K we can identify points of
the affine plane AG(2, q) with elements of the field K, and we write AG(2, q) = K. Lines
of AG(2, q) = K are of the form
L(u, µ) = {x ∈ K | 〈u, x〉+ µ = 0},
where u ∈ S and µ ∈ F (cp. [5, subsection 2.1]).
Throughout the paper, we will consider these two representations of the projective
plane PG(2, q), and for each of such projective planes we consider a fixed affine plane
AG(2, q) described above. They will be written as AG(2, q) = V (2, q) and AG(2, q) = K.
2.3 KM-arcs and basic facts
In the projective plane PG(2, q), a KM-arc of type t (also known as a (q+ t, t)-arc of type
(0, 2, t)) is a set H of q + t points meeting every line in 0, 2 or t points.
If H is a KM-arc of type t in PG(2, q), 2 < t < q, then
1. q is even and t is a divisor of q;
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2. each point of H is on exactly one t-secant and every other line through this point
is a 2-secant of H , cp. [12];
3. there are q/t+1 different t-secants to H , and they are concurrent at a unique point
called the t-nucleus of H , cp. [10];
4. all other lines contain 0 or 2 points of H , cp. [15].
The case t = q is classified as H can be shown symmetric difference of two lines. The
case t = 1 is a degenerate case when H is an oval of q + 1 points and therefore has a
unique nucleus, which we call the 1-nucleus of H . When t = 2, the set H is called a
hyperoval. In this case, any point not on H can be considered as a 2-nucleus of H .
3 KM-arcs in polar presentation
In this section we obtain characterizations of KM-arcs in terms of bilinear forms and
power sums.
3.1 The configuration of a KM-arc in polar presentation
Lemma 1. Any KM-arc in PG(2, q) is equivalent to a KM-arc in AG(2, q) with t-nucleus
at 0.
Proof. Assume H has a point on infinity line L∞. Let L be a line which does not intersect
H . Consider a collineation γ interchanging the lines L and L∞. Then γ(H) has no points
at infinity and a suitable affine translation of γ(H) is a KM-arc with t-nucleus at 0.
Lemma 2. For t ≥ 2, let H be a set of q + t points in K = AG(2, q). Assume that for
every point p of H there exists a line L going through p such that |L ∩H| ≥ t. Then H
is a KM-arc of type t if and only if every line intersects H at an even number of points.
Proof. If H is a KM-arc of type t then every line intersects H at 0, 2 or t points.
Assume every line intersects H at an even number of points. Let p be a point on H
and let L be a line going through p such that |L∩H| ≥ t. Let L be the set of q + 1 lines
going through p. Since there are at most q points in H\(H∩L), each line in L\L contains
exactly two points of H (including p). This also implies |L∩H| = t. In particular, every
line intersects H at 0, 2 or t points and so H is a KM-arc of type t.
We now describe a configuration H of points that is used throughout the paper.
Definition 1. Let t ≥ 1. A set H of q + t points in K = AG(2, q) is called a star-set if
all points of H belong to a union of
q
t
+ 1 lines concurrent at 0, and each line contains t
points of H .
By Lemma 2, a star-set H is a KM-arc of type t ≥ 2 (with t-nucleus at 0) if and only
if every line intersects H at an even number of points.
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Theorem 1. Let H be a star-set. Then H is a KM-arc of type t with t-nucleus at 0 if
and only if for each v ∈ S and 1 ≤ k ≤ q − 2,∑
y∈H
〈v, y〉k = 0. (1)
Proof. The case t = 1 is proved in [4, Theorem 8]. In the remainder of the proof, we
assume t ≥ 2. Assume H is a KM-arc of type t with t-nucleus at 0. Fix v ∈ S. For each
µ ∈ F , the line 〈v, x〉 = µ intersects H at an even number of points. In particular, the
equation
〈v, x〉 = µ
has an even number of solutions in H . This implies condition (1) is true for each v ∈ S
and 1 ≤ k ≤ q − 2.
Conversely, assume condition (1) is true for each v ∈ S and 1 ≤ k ≤ q − 2. We will
show that every line 〈v, x〉 = µ intersects H at an even number of points. Fix v ∈ S. For
µ = 0, the intersection Hv of H and the line 〈v, x〉 = 0 is of size 0 or t. For each µ ∈ F ∗,
let
Yµ := {y ∈ H\Hv | 〈v, y〉 = µ} .
We note that, for each 1 ≤ k ≤ q − 2,
∑
y∈Yµ
〈v, y〉k =
{
µk if |Yµ| is odd,
0 if |Yµ| is even.
Let Ω := {µ ∈ F ∗ | |Yµ| is odd}. Assume that Ω 6= ∅. Then∑
y∈H
〈v, y〉k =
∑
µ∈Ω
∑
y∈Yµ
〈v, y〉k =
∑
µ∈Ω
µk = 0.
Also, the sets Yµ partition the set H\Hv of even size (either q or q+ t), so that |Ω| is even.
In particular, the sum of the vectors (1, µ, µ2, · · · , µq−2), µ ∈ Ω, is the zero vector. On
the other hand, the Vandermonde’s determinant implies that these vectors are linearly
independent. Hence Ω = ∅.
We have shown that every line 〈v, x〉 = µ intersects H at an even number of points.
By Lemma 2, H is a KM-arc of type t with t-nucleus at 0.
3.2 KM-arcs and power sums
We recall and extend [4, Lemma 9] to the following.
Lemma 3. The power of the bilinear form 〈·, ·〉 is given by
〈a, b〉k =
⌊(k−1)/2⌋∑
i=0
(
k
i
)
〈aiq+k−i, biq+k−i〉 =
k∑
i=⌈(k+1)/2⌉
(
k
i
)
〈aiq+k−i, biq+k−i〉.
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Proof. It was shown in [4, Lemma 9] that
〈a, b〉k =
⌊(k−1)/2⌋∑
i=0
(
k
i
)
〈aiq+k−i, biq+k−i〉.
For the remaining equality, when k is odd we have
〈a, b〉k = (aqb+ abq)k =
k∑
i=0
(
k
i
)
aiqbiak−ib(k−i)q =
k∑
i=0
(
k
i
)
aiq+k−ibi+(k−i)q
=
(k−1)/2∑
i=0
(
k
i
)
aiq+k−ibi+(k−i)q +
k∑
i=(k+1)/2
(
k
i
)
aiq+k−ibi+(k−i)q
=
k∑
i=(k+1)/2
(
k
i
)
ai+(k−i)qbiq+k−i +
k∑
i=(k+1)/2
(
k
i
)
aiq+k−ibi+(k−i)q
=
k∑
i=(k+1)/2
(
k
i
)(
aiq+k−ibi+(k−i)q + ai+(k−i)qbiq+k−i
)
=
k∑
i=(k+1)/2
(
k
i
)
〈aiq+k−i, biq+k−i〉.
Similar to the above, when k is even, we have
〈a, b〉k =
k∑
i=k/2+1
(
k
i
)
〈aiq+k−i, biq+k−i〉+
(
k
k/2
)
〈aiq+k−i, biq+k−i〉
=
k∑
i=k/2+1
(
k
i
)
〈aiq+k−i, biq+k−i〉,
since
(
k
k/2
)
is even.
We recall the following partial ordering  on the set of nonnegative integers. If
x =
m∑
i=0
xi2
i and y =
m∑
i=0
yi2
i
(where each xi and each yi is either 0 or 1), then x  y if and only if xi ≤ yi for all i. In
other words, x  y if and only if all nonzero terms appearing in the binary expansion of
x also appear in the binary expansion of y.
Let
D := {iq + k − i | 1 ≤ k ≤ q − 2, 0 ≤ i ≤ ⌊(k − 1)/2⌋, i  k}.
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Theorem 2. Let H be a star-set. Then H is a KM-arc of type t with t-nucleus at 0 if
and only if
pid(H) :=
∑
y∈H
yd = 0,
for all d ∈ D.
Proof. Let H = {y1, · · · yq+t}. Fix 1 ≤ k ≤ q − 2. For each v ∈ S, we have
q+t∑
j=1
〈v, yj〉k =
q+t∑
j=1
⌊(k−1)/2⌋∑
i=0
((
k
i
)〈
viq+k−i, yiq+k−ij
〉)
=
⌊(k−1)/2⌋∑
i=0
q+t∑
j=1
((
k
i
)〈
viq+k−i, yiq+k−ij
〉)
=
⌊(k−1)/2⌋∑
i=0
((
k
i
)〈
viq+k−i, piiq+k−i(H)
〉)
=
∑
ik
0≤i≤⌊(k−1)/2⌋
〈
viq+k−i, piiq+k−i(H)
〉
= Pk(v),
where Pk is the polynomial obtained from expanding the terms in the last sum. We can
assume Pk has degree at most q, as v
q+1 = 1.
The power of v in Pk(v) is either of the form k − 2i or q + 1 + 2i − k. If i 6= i′, then
k − 2i 6= k − 2i′, and k − 2i 6= 2i′ − k + q + 1. Hence Pk(v) has the form Pk(v) =
∑
pilv
s.
By Theorem 1, H is a KM-arc of type t with t-nucleus at 0 if and only if Pk(v) = 0
has q+1 roots v ∈ S for each 1 ≤ k ≤ q−2. Equivalently, the coefficients of Pk are zeros,
that is, pid(H) = 0 for all d ∈ D.
Now we introduce an analog of the set D, which contains more elemens but looks more
symmetric. Let
D′ := {k + (q − 1)i | 1 ≤ k ≤ q − 1, i  k},
E :=
{
m−1∑
j=0
2jxj > 0 | xj ∈ {0, 1, q}
}
.
An element x ∈ E can also be described in binary form as
x =
2m−1∑
j=0
2jxj > 0,
where xj ∈ {0, 1} for 0 ≤ j ≤ 2m− 1, and (xj , xm+j) 6= (1, 1), for 0 ≤ j ≤ m− 1.
Lemma 4. D′ = E.
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Proof. We rewrite k =
∑m−1
j=0 2
jkj, where kj ∈ {0, 1}. For i  k, we rewrite
i =
m−1∑
j=0
2jij ,
where ij ≤ kj. Let d := k + (q − 1)i ∈ D′. Then
d =
m−1∑
j=0
2j(kj + (q − 1)ij).
For each j, there are three possible cases for kj + (q − 1)ij , as follows.
1. kj = 0, ij = 0. Then kj + (q − 1)ij = 0.
2. kj = 1, ij = 0. Then kj + (q − 1)ij = 1.
3. kj = 1, ij = 1. Then kj + (q − 1)ij = q.
This implies d ∈ E so that D′ ⊆ E. Conversely, for each j, each element of {0, 1, q} can
be rewritten in the form of kj + (q − 1)ij as above, so that E ⊆ D′ and consequently
D′ = E.
Theorem 3. Let H be a star-set. Then H is a KM-arc of type t with t-nucleus at 0 if
and only if pie(H) = 0 for all e ∈ E.
Proof. We note that D ⊂ D′ = E. By Theorem 2, if pie(H) = 0 for all e ∈ E, then H is
a KM-arc of type t with t-nucleus at 0.
Conversely, assume H is a KM-arc of type t with t-nucleus at 0. By Theorem 1, for
each v ∈ S and 1 ≤ k ≤ q − 2, ∑
y∈H
〈v, y〉k = 0. (2)
For k = q − 1, it can be checked that condition (2) also holds. Using Lemma 3, for
1 ≤ k ≤ q − 1,
∑
y∈H
〈v, y〉k =
∑
ik
0≤i≤⌊(k−1)/2⌋
〈
viq+k−i, piiq+k−i(H)
〉
=
∑
ik
⌈(k+1)/2⌉≤i≤k
〈
viq+k−i, piiq+k−i(H)
〉
= 0.
Similar to the proof of Theorem 2, it follows that pid(H) = 0 for all d ∈ D′. By Lemma
4, pie(H) = 0 for all e ∈ E.
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We recall the following set first considered by Ga´cs and Weiner [10] (and subsequently
by other authors in [6, 13]). A set T = {y1, · · · , yt} ⊆ GF (q) is called a Vandermonde
set if pik(T ) = 0 for all 1 ≤ k ≤ t − 2. In [10], KM-arcs are considered in homogeneous
coordinates with the infinity line L∞ as a t-secant. Under this setting, Ga´cs and Weiner
proved that the set of points on L∞ of a KM-arc is a Vandermonde set. In the following,
we extend this result in polar coordinates.
Proposition 1. For t ≥ 2, let {yi | 1 ≤ i ≤ t} ∈ K be the set of points on a t-secant of
a KM-arc with t-nucleus at 0. Then the set
{1/yi | 1 ≤ i ≤ t}
is a Vandermonde set.
Proof. We identify each point z = z1+z2i ∈ K as (z1 : z2 : 1) in homogeneous coordinates.
Without loss of generality, assume that the y-axis is a t-secant of H . We can also assume
yi ∈ F for each i, so that yi is identified as (yi : 0 : 1). Let ϕ be the collineation defined
by
ϕ((x : y : z)) = (x : z : y).
Under ϕ, each point (yi : 0 : 1) is mapped to (1 : 1/yi : 0). Also, the t-nucleus (0 : 0 : 1) of
H is mapped to (0 : 1 : 0). In other words, ϕ(H) is a KM-arc with t points (1 : 1/yi : 0),
1 ≤ i ≤ t, on the line at infinity. Also, ϕ(H) admits the y-axis as a t-secant. By [10,
Proposition 2.4], the set {1/y1, · · · , 1/yt} is a Vandermonde set.
4 KM-arcs from hyperovals and KM-arcs
In this section we construct KM-arcs starting from KM-arcs in smaller dimensions. Let
r = 2h, where h | m. Let F ′ = Fr, and K ′ = Fr2. We denote the group of (r+ 1)-st roots
of unity in K ′ by S ′.
We recall the relative trace map TrF/F ′ : F → F ′, where
TrF/F ′(x) = x
q/r + xq/r
2
+ · · ·+ xr + x.
Let V1 := {x ∈ F | TrF/F ′(x) = 1}. The main result of this section is the following.
Theorem 4. Assume l = m/h is odd. Let H ′ ⊂ K ′ be a (r + s, s)-arc of type s ≥ 1 with
s-nucleus at 0. Let Vc := cV1 for some c ∈ K∗. Then H := {λu | 1/λ ∈ Vc, u ∈ H ′} is a
(q + sq/r, sq/r)-arc in K of type t = sq/r with t-nucleus at 0.
In particular,
1) if H ′ is an oval with 1-nucleus at 0, then H is a (q + q/r, q/r)-arc of type t = q/r
with t-nucleus at 0.
2) ifH ′ is a hyperoval not containing 0, then H is a (q+2q/r, 2q/r)-arc of type t = 2q/r
with t-nucleus at 0.
9
The proof of Theorem 4 is presented at the end of this section. In Lemmas 5 and 6
we examine special power sums of the sets H ′ and V1.
Let
A :=
{ q
rj
| 1 ≤ j ≤ m/h
}
∪ {0} =
{
1, r, r2, · · · , q
r
}
∪ {0}.
Lemma 5. Let k =
∑h−1
j=0 2
jaj > 0, where aj ∈ A. Let d = k + (q − 1)i, for some i  k.
Then pid(H
′) = 0.
Proof. Let
D′r := {k + (r − 1)i | 1 ≤ k ≤ r − 1, i  k},
which can also be expressed as
Er :=
{
h−1∑
j=0
2jxj > 0 | xj ∈ {0, 1, r}
}
.
Let i  k. We rewrite i =∑h−1j=0 2jij , where ij ∈ {0, aj}. Then
d = k + (q − 1)i =
h−1∑
j=0
2j (aj + (q − 1)ij) .
For each j, we note that aj + (q − 1)ij ∈ {aj , qaj}. Since q (mod r2 − 1) ∈ {1, r} and aj
(mod r2 − 1) ∈ {0, 1, r}, it follows that
aj + (q − 1)ij (mod r2 − 1) ∈ {0, 1, r}.
Then, for u ∈ K ′, there exists d′ ∈ D′r = Er such that
ud = uk+(q−1)i = ud
′
.
From Theorem 3,
pid(H
′) = pid′(H
′) = 0.
Lemma 6. Let 1 ≤ k ≤ q − 2. If pik(V1) 6= 0, then
k = q − 1−
h−1∑
j=0
2jaj ,
where aj ∈ A for each 0 ≤ j ≤ h− 1. In this case, pik(V1) = 1.
Proof. Rewrite k in the form
k =
q
r
l + s,
where 0 ≤ l ≤ r − 1, and 0 ≤ s ≤ q/r − 1. We consider three cases depending on l.
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1. l = 0. Then 1 ≤ k ≤ q/r − 1. Since V1 is a Vandermonde set of size q/r (cp. [13,
Proposition 1.8]), it follows that pik(V1) 6= 0 if and only if
k =
q
r
− 1 = q − 1−
h−1∑
j=0
2j
q
r
.
Let V0 := {x ∈ F | TrF/Fr(x) = 0}, which is also a Vandermonde set of size q/r.
For x ∈ V0\{0},
xq/r−1 = (xq/r
2
+ · · ·+ xr + x)x−1 = xq/r2−1 + · · ·+ xr−1 + 1,
and so piq/r−1(V0) = 1. Note that the set V0 ∪ V1 is a Vandermonde set of size 2q/r,
so that piq/r−1(V0 ∪ V1) = 0. Therefore, piq/r−1(V1) = piq/r−1(V0) = 1.
2. l = 1. Then k = q/r + s, and for x ∈ V1, we have
xk = xq/rxs =
(
xq/r
2
+ · · ·+ x+ 1
)
xs.
To evaluate the sum
∑
x∈V1
xk, we consider three cases of each sum
∑
x∈V1
xq/r
i+s, de-
pending on 2 ≤ i ≤ m/h.
(a) q/ri + s < q/r − 1. Then ∑
x∈V1
xq/r
i+s = 0.
(b) q/ri + s = q/r − 1. Then ∑
x∈V1
xq/r
i+s = 1.
(c) q/ri + s > q/r − 1. Rewrite q
ri
+ s =
q
r
+ s0, where s0 ∈ [0, q
ri
− 1]. Then
xq/r
i+s = xq/r+s0 =
(
xq/r
2
+ · · ·+ x+ 1
)
xs0 ,
and since for each 2 ≤ i′ ≤ m/h,
q
ri′
+ s0 ≤ q
ri′
+
q
ri
− 1 < q
r
− 1,
it follows that ∑
x∈V1
xq/r
i+s = 0.
Therefore pik(V1) 6= 0 if and only if pik(V1) = 1. This occurs when
s =
q
r
− q
ri
− 1,
if and only if
k = 2
q
r
− q
ri
− 1 = q − 1−
(
h−1∑
j=1
2j
q
r
+
q
ri
)
.
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3. l > 1. For x ∈ V1, we have
xk = xlq/rxs =
(
xq/r
2
+ · · ·x+ 1
)l
xs.
Let xc be a term of the expansion of the above. Rewrite l as the binary expansion
l =
h−1∑
j=0
2jlj, where lj ∈ {0, 1}, for 0 ≤ j ≤ h− 1. Then
c =
h−1∑
j=0
2jljaj + s,
where aj ∈ A\
{q
r
}
. From the conditions on l and s, we have
c ≤ q
r2
l + s ≤ q
r2
(r − 1) + q
r
− 1 = 2q
r
− q
r2
− 1.
Furthermore, c 6= 2q
r
− q
r2
− 1, otherwise l = r − 1, s = q
r
− 1 and k = q − 1, which
is excluded from our assumption. From part 1) and part 2), pic(V1) 6= 0 if and only
if pic(V1) = 1. This occurs when c = q/r − 1, if and only if
s =
q
r
− 1−
h−1∑
j=0
2jljaj,
if and only if
k =
q
r
(l + 1)− 1−
h−1∑
j=0
2jljaj
=
q
r
− 1 +
h−1∑
j=0
2jlj
q
r
−
h−1∑
j=0
2jljaj
=
q
r
− 1 +
h−1∑
j=0
2j
q
r
−
h−1∑
j=0
2j(1− lj)q
r
−
h−1∑
j=0
2jljaj
= q − 1−
h−1∑
j=0
2j
[
(1− lj)q
r
+ ljaj
]
= q − 1−
h−1∑
j=0
2ja′j ,
where a′j ∈ A.
The proof now follows.
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Proof of Theorem 4. We will assume that c = 1 since multiplication by c ∈ K∗ is a
collineation of PG(2, q).
1. Let x, y be two points from H ′ such that the lines xF ′ and yF ′ are distinct in K ′.
This implies x/y 6∈ F ′. But since l = m/h is odd, we have F ∩ K ′ = F ′. Hence
x/y 6∈ F , and so the lines xF and yF are distinct in K.
Assume s ≥ 2. For x, y ∈ F ′, x 6= y, we consider two distinct points xα, yα
from the same s-secant αF ′ of H ′ in K ′. Let λ1, λ2 ∈ V1. Since TrF/F ′(λ2x) =
x, TrF/F ′(λ1y) = y, it follows that λ2x 6= λ1y, and so
xα
λ1
6= yα
λ2
.
This implies the line αF in K contains t = sq/r distinct points of H . Hence, H is
a star-set.
2. Let d = k + (q − 1)i ∈ D′. We have
pid(H) = pid(H
′)
∑
1/λ∈V1
λd = piq−1−k(V1)pid(H
′).
From Lemma 6, if piq−1−k(V1) 6= 0, then
k =
h−1∑
i=0
2iai,
where ai ∈ A for each 0 ≤ i ≤ h − 1. By Lemma 5, pid(H ′) = 0. This implies
pid(H) = 0, and by Theorem 3, H is a KM-arc of type t with t-nucleus at 0.
In [10], Ga´cs and Weiner constructed a family of KM-arcs as follows. Let I be a direct
complement of F ′ in the additive group of F . Let H be a KM-arc of type s ≥ 1 with
affine part {(xk : yk : 1) | xk, yk ∈ F ′}. Construct the following point set
J := {(xk : yk + i : 1) | (xk : yk : 1) ∈ H, i ∈ I}.
Then J can be uniquely extended to a KM-arc of type t = sq/r in PG(2, q).
We consider a collineation γ defined by
γ((a : b : c)) = (a : c : a + b+ cd),
where d ∈ F is chosen such that the line x+ y + zd = 0 does not intersect H . Under γ,
the point (xk : yk : 1) of H is mapped to
(
xk
xk+yk+d
: 1
xk+yk+d
: 1
)
, which corresponds to
the element
pk =
xk
xk + yk + d
+
1
xk + yk + d
i ∈ K.
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Also, the point (xk : yk + i : 1) of J is mapped to
xk
xk + yk + d+ i
+
1
xk + yk + d+ i
i =
pk
1 + i(xk + yk + d)−1
∈ pk
1 + I
.
This shows similarity with our construction. Though in the construction of Ga´cs and
Weiner the dimension [F : F ′] can be any number, they use cosets of a hyperspace I, not
containing F ′. In our construction [F : F ′] is odd, but we can use any nontrivial coset
of any hyperspace in F , since any nontrivial coset of a hyperspace in F can be written
in the form cV1 for some c ∈ F ∗. Besides, in our construction all points of KM-arc are
presented explicitly in the affine plane.
5 A family of KM-arcs type t = q/r
We present now some other examples of KM-arcs.
5.1 The construction
Let r = 2h, where h | m. Let F ′ = Fr, and K ′ = Fr2. We denote the group of (r + 1)-st
roots of unity in K ′ by S ′. Let u be a generator of S ′ whose conjugate over F ′ is u˜ = ur.
Let b = u + u˜ be the trace of u over F ′ and (bn) be the sequence in F
′ defined by the
recurrence relation bn+1 = bbn+bn−1, with initial terms b0 = 1, b1 = 0. Explicitly, for each
n,
bn =
un−1 + u˜n−1
u+ u˜
.
Let U := {ui | 0 ≤ i ≤ r}, where ui = bi+bi+1i, for each i. Alternatively, if we identify
each point z = x+ yi as [x y]T , then elements of U are obtained recursively as
ui+1 =
[
0 1
1 b
]
ui,
with the initial term u0 = 1 = [1 0]
T . We also recall the relative trace map
TrF/Fr(x) = x
q/r + xq/r
2
+ · · ·+ xr + x.
Define V1 := {x ∈ F | TrF/Fr(x) = 1} and Vc := cV1 for c ∈ K∗. In this subsection we
prove the following theorem.
Theorem 5. Let c ∈ K∗. The set H := {λu | 1/λ ∈ Vc, u ∈ U} is a KM-arc of type
t = q/r with t-nucleus at 0 in K.
The proof of Theorem 5 is presented at the end of the subsection.
Lemma 7. The set U has size r + 1.
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Proof. It is sufficient to prove that the sequence (bn) has period r + 1. We have
br+1 =
ur + u˜r
u+ u˜
= 1,
br+2 =
ur+1 + u˜r+1
u+ u˜
= 0,
so that the period of (bn) divides r + 1. On the other hand, bn = 0 if and only if
un−1 = u˜n−1 if and only if u2(n−1) = 1. This occurs if and only if r + 1 divides n − 1,
which implies br+2 is the smallest zero term of the sequence excluding b1. Therefore (bn)
has period r + 1 and consequently |U | = r + 1.
Remark 1. Let U ′ := {ui | 0 ≤ i ≤ r}, where ui = bi + bi+1u, for each i. It can be
checked that elements of U ′ are pairwise distinct and of order r + 1, so that U ′ = S ′.
We also recall from section 4 the set
A =
{ q
rj
| 1 ≤ j ≤ m/h
}
∪ {0}.
Lemma 8. Let k =
∑h−1
j=0 2
jaj ∈ [1..q − 2], where aj ∈ A. Then for each v ∈ S,∑
u∈U
〈v, u〉k = 0.
Proof. 1. Let
B :=
{
h−1∑
j=0
2jxj | xj ∈ {0, aj}
}
.
We claim that for each x ∈ B,
r∑
i=0
bxi b
k−x
i+1 = 0.
Fix x ∈ B. Let
y := k − x =
h−1∑
j=0
2jyj ,
where yj := aj − xj for each 0 ≤ j ≤ h− 1. We also introduce the sets
Bx :=
{
h−1∑
j=0
±2jxj
}
, and By :=
{
h−1∑
j=0
±2jyj
}
.
For each 0 ≤ i ≤ r, we have
bxi =
(ui−1 + u˜i−1)x
(u+ u˜)x
=
h−1∏
j=0
(u(i−1)2
jxj + u˜(i−1)2
jxj)
(u+ u˜)x
=
∑
x′∈Bx
u(i−1)x
′
(u+ u˜)x
.
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Similarly,
byi+1 =
(ui + u˜i)y
(u+ u˜)y
=
h−1∏
j=0
(ui2
jyj + u˜i2
jyj)
(u+ u˜)y
=
∑
y′∈By
uiy
′
(u+ u˜)y
.
Then
r∑
i=0
bxi b
y
i+1 = 0 ⇐⇒
r∑
i=0
(∑
x′∈Bx
u(i−1)x
′
)∑
y′∈By
uiy
′

 = 0
⇐⇒
r∑
i=0
∑
x′∈Bx
y′∈By
ui(x
′+y′)−x′ =
∑
x′∈Bx
y′∈By
r∑
i=0
ui(x
′+y′)−x′ = 0.
We now consider the sum
x′ + y′ =
h−1∑
j=0
2j (±xj ± yj) .
For each j, we have xj + yj = aj and xj − yj = 2xj − aj ∈ {aj ,−aj}, so that
±xj ± yj ∈ {aj ,−aj}.
Since aj (mod r+1) ∈ {−1, 0, 1}, it follows that x′+ y′ 6= 0 (mod r+1). Therefore
ux
′+y′ generates a subgroup of S ′ of order r+1
gcd(x′+y′,r+1)
6= 1. Consequently,
r∑
i=0
ui(x
′+y′)−x′ = u−x
′
r∑
i=0
ui(x
′+y′) = 0.
This proves
r∑
i=0
bxi b
k−x
i+1 = 0.
2. To simplify the notation, let A = 〈v, 1〉, B = 〈v, i〉. For fixed 0 ≤ i ≤ r, we have
〈v, ui〉k = 〈v, bi + bi+1i〉k = (biA+ bi+1B)
∑
j 2
jaj
=
h−1∏
j=0
(b
2jaj
i A
2jaj + b
2jaj
i+1 B
2jaj ) =
∑
x∈B
bxi b
k−x
i+1 A
xBk−x.
From part 1),
∑
u∈U
〈v, u〉k =
r∑
i=0
∑
x∈B
bxi b
k−x
i+1 A
xBk−x =
∑
x∈B
(
r∑
i=0
bxi b
k−x
i+1
)
AxBk−x = 0.
Proof of Theorem 5. We will assume that c = 1 since multiplication by c ∈ K∗ is a
collineation of PG(2, q).
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1. Let x = bi + bi+1i, y = bj + bj+1i ∈ U , with 0 ≤ i, j ≤ r − 1, i 6= j. Suppose that
the lines xF and yF are the same. Since the matrix
[
0 1
1 b
]
permutes elements of
U cyclically, we may assume that x = 1. Then bj+1 = 0 and y = 1, a contradiction.
This implies for x, y ∈ U , the lines xF and yF intersect at 0 only. Hence, H is a
star-set.
2. Let d = k + (q − 1)i ∈ D′. We have
pid(H) = pid(U)
∑
1/λ∈V1
λd = piq−1−k(V1)pid(U).
From Lemma 6, if piq−1−k(V1) 6= 0, then
k =
h−1∑
i=0
2iai,
where ai ∈ A for each 0 ≤ i ≤ h − 1. By Lemma 5, pid(U) = 0. This implies
pid(H) = 0, and by Theorem 3, H is a KM-arc of type t with t-nucleus at 0.
5.2 Examples
We describe some examples of KM-arcs from the construction in subsection 5.1. As before,
let F = Fq and K = Fq2.
Example 1 (KM-arcs of type q/2). Let r = 2, V1 = {x ∈ F | TrF/F2(x) = 1}, and
U = {1, i, i+ 1}. Then H := {λu | 1/λ ∈ V1, u ∈ U} is a KM-arc of type q/2.
Example 2 (KM-arcs of type q/4). Let r = 4 and V1 = {x ∈ F | TrF/F4(x) = 1}. Let
ω 6= 1 be an element in F such that ω3 = 1. Define
U := {1, i, 1 + ωi, ω + i, ω + ωi}.
Then H := {λu | 1/λ ∈ V1, u ∈ U} is a KM-arc of type q/4.
Example 3 (KM-arcs of type q/8). Let r = 8 and V1 = {x ∈ F | TrF/F8(x) = 1}. Let η
be an element of F8 satisfying η
3 + η + 1 = 0. Define
U := {1, i, 1 + ηi, η + η6i, η6 + η3i, η3 + η3i, η3 + η6i, η6 + ηi, η + i}.
Then H := {λu | 1/λ ∈ V1, u ∈ U} is a KM-arc of type q/8.
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